
A NEW ZONAL METHOD OF ANALYZING AND 

CALCULATING THE RADIATION OF HEAT 
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The principles of a new zonal method are shown by which various characteristics of heat 
radiation can be determined, in an extension of the problem to systems with an absorbing 
and dispersing medium. 

The zonal methods proposed and developed in [1-8] a re  now in wide use for determining both local 
and mean energy charac te r i s t i cs  of heat  radiation. 

Important  here  is the extraction of opt ics-geometr ical  resolvent functions which are  the same for 
opt ics-geometr ical ly  s imi lar  sys tems .  This problem has been explored ra ther  thoroughly in the ease  of 
gray bodies with a t ransparent  medium, but in the case of gray bodies with an absorbing and dispersing 
medium the problem is much more  complicated [3]. 

In view of this ,  the author felt  the need to develop a new zonal method of determining both local and 
mean charac ter i s t ics  of heat  radiation. The resul ts  of this effect are  shown here.  A solution has been ob- 
tained to the general problem of heat  radiation in a system of gray bodies with diffusive surfaces  and an 
isotropically absorbing and dispersing medium, where densit ies of the intrinsic radiation in one part  of 
the medium and the boundary surface a re  given while volume and surface densities of the resul tant  radia-  
tion a re  given in the other part .  The following expressions have been obtained for local surface densit ies 
of the incident radiation flux El(m) at  point m on the boundary surface 

E i (m) = j" Ec (co) P; (Corn) dF (Co) -i- .! ~c (hoJ Po (horn) dY (h0) (1)* 
Fo Vo 

and for the volume density of the incident radiation flux ~i(b) 

~ (b) = ,! ~ (~,,) ?~ (r  dr (~o) + 1' ~(ho) P-~ (hob) dV (ho). (2) 
Fo Vo 

The new elementary  generalizations of the resolvent,  which appear in Eq. (1) and (2), a re  defined 
in t e rms  of infinite convergent ser ies  or solutions to sys tems of integral equations of two kinds: the equa- 
tions of one kind are  

~)i (Corn) = Ki (corn) ~- I R (ci) /(i (CoCi) t)i (Qrn) dF (ci) -~- S ~ (,hi)/(8 (Cohi) ~)2 (him)dV (hi); 
F1 V~ 

[)~ (h0m) = K~ (horn) -4- .I ~ (ci) /(~ (h0r (cirn) dF (cl) -~- S ~ (hi) /(4 (hohi) P2 (him) dY(hi); 
FI VI 

P3 (cob)=/(a (cob)+ S ~ (cl)-/(i (coq) Ps (Qb) dF (c~) + .f ~ (h~)/(a (coh~) P, (hi b) dV (hi); 
F~ V, 

[)4 (ho~) = /(4 (hob) A- .! /~ (c~) K~ (h0ci)/~, (c~b) dF (ci) ~- S ~ (hi)/(* (hoh~-)/~ (bib) dV (hi). 
F~ V1 

A somewhat different  equation analogous to (1) has been obtained by A. S. Nevskii [5, p. 71]. 

(3) 

(4) 

(5) 

(6) 
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The radiat ion-geometr ical  functions in these equations a re  defined by the following expressions:  
rql~ 

Kx(com) = cos0 ,cos 0rn[nr~,meX p h~] -1, h 1 = y k(r) dr; (7) 
r(c~ 

rffZll 

K~ (horn) : cos O[~r~0exp h:]-l, h~ - J" k (r) dr; (8) 
r(ho) 

r(b) 

K8 (cob) = cos 00 [nrLb exp hs]-z, ha= j" k (r) dr; (9) 
r(~o ) 

r(b) 

K,(hob)= [~r~o,exph,] -a, ha= 1" k(r) dr. (10) 
)(h0) 

We will divide the system into surface and volume zones so that the following conditions a re  satisfied 
at  points within these zones: 

a) radiat ion-geometr ical  conditions 

K~ ( f ; j )  = K1 (F,ffj) - K1 (FiFj) = 1 K 1 (F~cj) elF (@, (11) 

FI 

1 = -~. ~ (V~cj) de  (c)), (12) 

1 
K3(Fy~) = 1 f" Ka(Fehx)dV(hx)' K3 (F/h x) = K3 (F,V~) = V-~ ~ ,. (13) 

/ 

V x 

v. 

where KI(FIc j) denotes the fract ion of the flux radiating from surface zone Fi to a unit a rea  of e lementary 
surface dF(cj) with the center at  point cj, KI(FiF j) denotes the fraction of the flux radiating from surface  
zone Fi to surface zone Fj,  and KI(FiFj) denotes the fract ion of the flux (mean) radiating from surface zone 
F i to a unit a rea  of surface zone Fj,  the other functions in (11)-(14) having analogous physical meanings 
re fe r red  to volume zones only, 

b) optical conditions 

e) energy conditions 

(ci) = Ri = const, i = 1, 2 . . . . .  (ml + wl); 

(Ux) = ~ = eonst, x = 1, 2 . . . . .  (m 2 ~- w~); 
(15) 

E~(c,) F E~ = const, ~(hx) = ~1~. = const. (16) 

For  a more  convenient fur ther  t ransformation of the integral equations defining the opt ics-geometr i -  
cal resolvents ,  we assume that their  local,  integral,  and mean values a re  defined according to the follow- 

ing expressions:  

P1 (Fjci) = .f P1 (cfi) dF (c~), 
v i 

/3a (Fjhx) = ! Pa (C~hx)dF (cj), 
"TJ - 

P~ (V~c3 = ~ b~ (hzC,) dV (hz), 
V z 

V z 

P~ (FPl) = S 71 (Fjc~) dF (c~), P2 (Vy,) = .I P~ (VzC*) dF (c~), 
F i F i  

b~ ( P jV~) = .I P~ (F jh~) dV (Ux), ~, (V~V~) = .I b ,(V &)aV (~x), 
V~r V x 

Pl (F.ff,)= ~ P~ (FkF~), -P~ (V;-f~) =~F~I D2 (V~F~), 

b~ (r~!/~:) = ~-~['3 (Fy~:), b 4 (V~g~)= 

(17) 

(z8) 

(19) 

respectively.  
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From the sys tem of integral equations (3)-(6), moreover ,  we obtain the following resolvent  sys tem 
of l inear  a lgebraic  equations (20) and (21) for the new local and integral opt ics -geometr ica l  resolvents  
respec t ive ly :  

m ~ + w ,  _ m._,+w= . _ _ 

/51 (Fhm) = Kx (Fam) + Z R~K~ (Fk-Fj) P~ (Ffln) + ~ pJ(~ (F h Vu) P,, (Vym); 
] = 1  y = l  

rnx + w  1 n t 2 + w ~  _ 

I"=' ~=~ (20) 
r a , W w t  ~ tn~+~,~ _ 

/ '~1 �9 y = l  

]=i g = I  

t n l - i -w  ~ .. in~-l-wz - - -  . 

] ~ I  y - - i  

rn ~ + w t ~ m ~ -i-w .,. _ 

-P~ (V~F,) = IG (V~F,) + ~ R~K~ (V~-Pj) P1 ( F f  ,) + "~ g,~Ka (VY v) P~ (VvF~); 
i=' v=' (21) 

r n ~ + w x  . m2+w~ _ 

D~ (F~V~)=K~ (F~V:~) + ~ R~K~ ( F ~ ) ?  3 (Fy.~). + ~'%' pu/(. (F~V~)/5 (Vy~:); 
/ ' = t  y = l  

? 4  (VzV.~). = K 4  ( V z V x )  "~ ~ ~ RjK2 ( V z F j )  ~:) ( F j V x )  -1-" X pyK4 ( V z V y )  ? 4  ( V y V x ) ;  

/ = 1  y = l  

i, 1, k = I, 2 . . . . .  (rn~ -~- W l )  ; X, l], Z = 1, 2 . . . . .  (rn~ + w~). 

The equations which yield local ,  integral ,  and mean energy charac te r i s t i cs  of heat radiat ion in such 
a sys tem a re  obtained in the following form:  

m ~ + w ~  r n z + w 2  

e i ( m ) =  .~  /~chfil(Fh m) -I- ~ ~]cz/~.(Vzm); 

I~=1 ~=1 (22) 
t n l+~v~  m 2 + w z  

'qi(b) = .~ EckP3(Fkb) + ~ ~lczb4(Vzb); 
I~=I z = l  

,';'z i -~-w x m2@~v2 

Qi (FI) = ,f E i (c~) dF (Q) = ~%" JEeh ~Pt (FhF,) + ~'~ ~1~ [z2 (V~F~); 

~ 1,=I ~=, (23) 

Qi (Vx)= ; ni('hx) dV(hx)= ~ F'dcPl(FkVx)-~- ~ ~czTP~(VzV.x); 
V x le~l  z = l  

I 1 
ei  (7,1 = -~i  Qi(F, ); ni(V-~) = -~.Qi (V:~); (24) 

i, ], k 1, 2, . . . .  (m 1 + wl); x, g, z = 1,2 . . . . .  (m 2 + w2). 

(26), and (27) apply respect ive ly  to the local,  the integral,  and 

(25) 

(26) 

respec t ive ly .  

The following c losure  equations (25), 
the mean new optics-geometrical resolvents: 

m I m~ 

A~ P1 (Fkm) + 4 ~ % -P,., (V~m) = 1; 
k = l  z = l  

rn I m2 

Z Ah P3 (Fkb) @ 4 Z ~ P~ (V~m) = 4; 
k = l  z = l  

rn 1 m2 

k = l  z = l  

m I m2 
~P. A k P~(FkV:r ) + 4 ~azP ~ (Vy,:) = 4V:r 
k = l  z = l  
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t n l  r~ 2 

AhDI(Fh?~)-[- 4 ~ % P ~ ( V ] i  ) = 1; 

k=, 2~ (27) 

k ~ l  z ~ l  

The local general ized resolvents  Pl  (Fim) and P2 (Vym) denote the fract ions of radiant energy which 
finally reach  an e lementa ry  a rea  dF(m) of the boundary surface  f rom surface  zone F i and from volume 
zone Vy respec t ive ly ,  a f te r  an infinite number  of ref lect ions and absorptions at all boundaries and of d i s -  
pers ions  and absorpt ions inside the ent i re  medium of the sys tem.  

The resu l t s  shown h e r e  define the conditions under which a sys tem can be divided into separa te  zones,  
surface  zones as well as volume zones,  they also yield both local and mean cha rac te r i s t i c s  of heat  radiat ion 
at  a r b i t r a r y  boundary and inner points of a sys tem which contains an absorbing and i s . t rop ica l ly  d ispers ing  
medium. The resu l t s  may  be used for determining the monochromat ic  energy cha rac te r i s t i c s  of a sys tem 
with se lec t ive  optical p roper t i e s  of sur faces  and media,  or  for determining their  integral  and mean values 
in sys tems  with gray media .  

~c(b) 
V 
F 
Ec(m) 
dF(c) 
dVCa) 
0m 

rcm 
r(c) ,  r(h) 

hi 
m I 

w 1 

m 2 

W 2 

k(h) 
~(h) 

N O T A T I O N  

is the volume density of the intr insic radiat ion at  point b (b E V); 
is the volume; 
is the sur face ;  
is the sur face  densi ty of the intr insic radiat ion a t  point m (m ~ F); 
is the e lementary  a r ea  on the boundary surface  at  point e (c E F); 
is the e lementa ry  volume at  point h (h E V); 
is the angle between the normal  to the boundary surface  at  point m and the direct ion of the 
incident and depart ing radiat ion at  that point; 
is the s t ra ight - l ine  distance be tweenpoin ts  c and m; 
is the space coordinate along beam rcm and rcb  or  rhm and rhb at  points c and h respec t ive ly ;  
is the optical length of beam path (i = 1, 2, 3, 4); 
is the number  of zones where  densi t ies  of the intr insic  sur face  radiation a r e  given and where  
the general ized ref lec t ion  factor  R(e) = R(c) = 1 -A(c ) ;  
is the number of zones where  densi t ies  of the resul tant  sur face  radiat ion a r e  given and where  
the general ized ref lect ion fac tor  R(e) = 1; 
is the number  of zones where  space densi t ies  of the intr insic volume radiat ion a re  given and 
where  the general ized d ispers ion  factor  for  the medium ~(h) = riO); 
is t he  number  of zones where space densi t ies  of the resul tant  volume radiat ion a re  given and 
where  the general ized d ispers ion  factor  fl(h) = k(h) = fl(h) + ~(h); 
is the decay fac tor ;  
is the absorpt ion factor .  
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